Abstract. Nilpotent Lie groups with stepwise square integrable representations were recently investigated by J.A. Wolf. We give an alternative approach to these representations by relating them to the stratifications of the duals of nilpotent Lie algebras, thus proving that they correspond to a subset with relative Hausdorff topology, dense interior, and total Plancherel measure in the unitary dual of the Lie group under consideration.
Introduction
Nilpotent Lie groups with stepwise square integrable representations were recently investigated by J.A. Wolf [11] . We give an alternative approach to these representations, using the method of coadjoint orbits and thus relating them to the stratifications of duals of nilpotent Lie algebras [8] . This directly leads to basic properties of stepwise square integrable representations like the fact that they correspond to a subset with relative Hausdorff topology, dense interior, and total Plancherel measure in the unitary dual of the Lie group under consideration (Corollary 2.11). This also fits well with the name "principal series" that J. Dixmier [4] earlier used for them in the special case of the strictly upper triangular groups.
As proved in [11] , examples of nilpotent Lie groups we consider include nilradicals of minimal Borel subgroups of semisimple Lie groups (Example 1 below). We point out here a completely different class of examples, namely all 3-step nilpotent Lie groups with 1-dimensional centers (see Example 2) .
Preliminaries. Throughout this note, by nilpotent Lie group we actually mean a connected, simply connected, nilpotent Lie group. We denote Lie algebras by lower case Gothic letters and their corresponding Lie groups by upper case Roman letters. All nilpotent Lie algebras are assumed real and finite dimensional. The semidirect product notation n = m ⋉ n means that n is a Lie algebra with a vector direct sum decomposition n = m ∔ n, where n is an ideal of n (that is, [ n, n] ⊆ n) and m is a subalgebra of n. Similar notation is used for groups.
Let n be any nilpotent Lie algebra of dimension m ≥ 1 with its coresponding nilpotent Lie group N = (n, ·) whose multiplication is defined by the BakerCampbell-Hausdorff fomula. Select any Jordan-Hölder basis {X 1 , . . . , X m } ⊂ n. So for j = 1, . . . , m if we define n j := span {X 1 , . . . , X j } then [n, n j ] ⊆ n j−1 , where n 0 := {0}. A linear subspace V ⊆ n is called compatible with the above JordanHölder basis if V ∩ {X 1 , . . . , X m } is a basis in V.
Let n * be the dual space of n, with the duality pairing ·, · :
, where ad n x := [x, ·] : n → n. The coadjoint isotropy algebra at any ξ 0 ∈ n * is n(ξ 0 ) := {x ∈ n | [x, n] ⊆ Ker ξ 0 } and the jump set J(ξ 0 ) := {j | X j ∈ n j−1 + n(ξ 0 )} depends only on the coadjoint orbit O := Ad * N (N )ξ 0 ⊆ n * , so we may denote e(O) := J(ξ 0 ). If one defines n e := span {X j | j ∈ e}, one has the vector direct sum decomposition n = n(ξ 0 ) ∔ n e and the mapping O → n * e , ξ → ξ| ne , is a diffeomorphism [8, Lemma 1.6.1].
For any integer m ≥ 1 denote by P(m) the set of all subsets of {1, . . . , m}. For e 1 , e 2 ∈ P(m) one defines e 1 ≺ e 2 ⇐⇒ min(e 1 \ e 2 ) < min(e 2 \ e 1 ), where min ∅ := ∞. Then ≺ is a total ordering on P(m), for which the largest subset is ∅ and the smallest subset is {1, . . . , m}. For any nilpotent Lie algebra n with a fixed Jordan-Hölder series, e(n) denotes the ≺-minimum of all jump sets of coadjoint orbits of n. 
/|Pf e (ξ)| depends only on the jump set e.
One says in this paper that a nilpotent Lie algebra n has generic flat coadjoint orbits if there exists ξ ∈ n * with n(ξ) = Z(n) := {x ∈ n | [x, n] = {0}} (the center of n). If this the case, then the set of all ξ ∈ n * with n(ξ) = Z(n) is an Ad * N -invariant Zariski-dense open subset of n * and the coefficients of the unitary irreducible representations of N associated with N -coadjoint orbits contained in that set are square integrable modulo the center of N ; see [6] and [3] for more details.
Main results
] and the first term in the right-hand side of that equality is contained in Ker (
and the second term in the right-hand side of that equality is contained in Ker ( ξ| n ), we obtain
Moreover, for any subset V ⊆ n one has n( ξ)
Furthermore, for arbitrary x ∈ n one has
Step 2. For proving the proposition, we must check that if [m, n] ⊆ Ker ξ, then m( ξ| m ) ⊆ n( ξ) and n( ξ| n ) ⊆ n( ξ), and moreover that if x ∈ n, x m ∈ m and x n ∈ n with x = x m + x n , then
This also implies by (2.6) and (2.2) that x n ∈ n( ξ),
This completes the proof of the implication "⇒" in (2.5).
For the converse implication "⇐" in (2.5), note that m( ξ| m ) ⊆ n( ξ) and n( ξ| n ) ⊆ n( ξ) by (2.6), (2.1), and (2.2), and therefore x m , x n ∈ n( ξ). Since x = x m + x n , it follows that x ∈ n( ξ), and we are done. Remark 2.3. One can give an alternative proof of the square integrability property of stepwise square integrable representations π λ from [11, Th. 3.6] , by using the above Proposition 2.1 for computing the coadjoint isotropy algebra at λ ∈ n * and then applying Proposition 1.1. Proposition 2.4. Let n = m ⋉ n, where n is a nilpotent Lie algebra. Let
where the jump sets J( ξ| n ) ⊆ {1, . . . , k} and J( ξ| m ) ⊆ {1, . . . , m − k} are computed for the Jordan-Hölder series {0} = n 0 ⊆ n 1 ⊆ · · · ⊆ n k = n and {0} = n k /n ⊆ n k+1 /n ⊆ · · · ⊆ n m /n = n/n ≃ m, respectively.
Proof. Since n( ξ) = m( ξ| m ) ∔ n( ξ| n ), one has for j ∈ {1, . . . , m},
and this implies
Proof. Let {0} = h 0 ⊆ h 1 ⊆ · · · ⊆ h m = h be the fixed Jordan-Hölder series. Since h 1 ⊆ z, and dim z = 1, it follows that h 1 = z. If ξ 0 ∈ h * is any functional with z ⊂ Ker ξ 0 , then by using [2, Th. 3.1(2)] one can find Proof. Propositions 2.1 and 2.4 imply n( ξ) = m( ξ| m ) ∔ n( ξ| n ) and
where k = dim n. For arbitrary ζ ∈ m * define ζ ∈ n * by ζ| m := ζ and ζ| n := ξ| n . Then [m, n] ⊆ Ker ζ hence, by Propositions 2.1 and 2.4 as above, one obtains
. It then easily follows by (2.8) along with J( ξ) = e( n) that J( ξ| m ) J(ζ) for all ζ ∈ m * , hence J( ξ| m ) = e(m).
Lemma 2.7. Let n = m ⋉ n, where n is a nilpotent Lie algebra and m is a Lie algebra with 1-dimensional center and generic flat coadjoint orbits. Fix any JordanHölder series of n that passes through n and endow m and n with their corresponding Jordan-Hölder series as in Proposition 2.4. Assume that X ⊆ n * is any subset with the following properties:
• The set X is Ad * N -invariant and for every ξ ∈ X one has J(ξ) = e(n).
• One has a subalgebra s ⊆ n and a linear subspace V ⊆ n with n = s ∔ V, Let X ⊆ n * be any Ad * N -invariant subset with J( ξ) = e( n) and ξ| n ∈ X for all ξ ∈ X . Then for every N -coadjoint orbit O ⊆ X and every hyperplane V 0 ⊂ m with Z(m)
Proof. Let ξ ∈ O arbitrary. One has ξ| n ∈ X , hence by using the hypothesis for the N -coadjoint orbit Ad * N (N )( ξ| n ) ⊆ X one finds y ∈ n with V ⊆ Ker η and n(η) = s, where η := Ad * N (y)( ξ| n ). Since 
with respect to the vector direct sum n = m ∔ n. In particular Ad * 
where the latter equality follows since [m, s] = {0} and x ∈ m, and this completes the proof.
Theorem 2.8. Let n be a nilpotent Lie algebra with a fixed Jordan-Hölder basis, and a distinguished subset of the corresponding Jordan-Hölder series, denoted {0} = n 0 ⊆ n 1 ⊆ · · · ⊆ n q = n. Assume that for every j = 1, . . . , q one has a subalgebra m j ⊆ n j and a linear subspace V j ⊆ m j compatible with the above fixed basis, satisfying the following conditions:
• The center z j of m j is 1-dimensional, m j = z j ∔ V j , m j has flat generic coadjoint orbits, and one has the semidirect product decomposition n j = m j ⋉ n j−1 .
Let X := {ξ ∈ n * | J(ξ| nj ) = e(n j ) for j = 1, . . . , q} and s := z 1 + · · · + z q . Then one has:
(1) The set X is Ad * N -invariant.
(2) For any N -coadjoint orbit O ⊆ n * one has O ⊆ X if and only if there exists ξ ∈ O with n(ξ) = s and V 1 ∔ · · · ∔ V q ⊆ Ker ξ, and then ξ is uniquely determined by these properties.
Proof. The fact that X is Ad * N -invariant follows by [7, page 426] . Then the proof proceeds by induction on q ≥ 1. If q = 1, then n = n 1 = m 1 , and the conclusion is clear. Now assume the assertion was proved for some value of q, and use the notation from the statement. To perform the induction step, let n = m ⋉ n be a nilpotent Lie algebra with a fixed Jordan-Hölder series that contains the Jordan-Hölder series of n, where m = z ∔ V 0 is a Lie algebra with 1-dimensional z and generic flat coadjoint orbits, and assume [m, n] ⊆ V 1 ∔ · · · ∔ V q and [m, s] = {0}, where s := z 1 + · · · + z q . Define X as in the statement and let X := { ξ ∈ n * | J( ξ) = e( n) and ξ| n ∈ X }, that is, X is the set associated to n in the same way as X is associated to n in the statement of the theorem. Then Lemma 2.7 implies that every N -coadjoint orbit O ⊆ X has the properties we are looking for. Conversely, select any N -coadjoint orbit O ⊆ n * for which there exists ξ ∈ O with n( ξ) = Z(m)
and n( ξ| n ) = z 1 + · · · + z q , hence ξ| n ∈ X by the induction hypothesis. Moreover, one can prove by using Proposition 2.4 that J( ξ) = e( n). Therefore ξ ∈ X , hence O ⊆ X .
Finally, for proving uniqueness of ξ ∈ O ⊆ X in Assertion (ii), consider the jump set e := e( O) and note that V 1 ∔ · · · ∔ V q = n e (see the notation in Preliminaries). But the restriction map O → n * e , ξ → ξ| ne is a diffeomorphism, hence there exists a unique ξ ∈ O with ξ| ne = 0, and this completes the proof. Proposition 2.9. In the framework of Theorem 2.8, if in addition q = 2 and dim Z(n) = 1, then X = {ξ ∈ n * | J(ξ) = e(n)}.
Proof. By definition, X := {ξ ∈ n * | J(ξ| nj ) = e(n j ) for j = 1, 2}, so we must prove that if ξ ∈ n * and J(ξ) = e(n), then J(ξ| n1 ) = e(n 1 ).
In fact, if J(ξ) = e(n), then by Lemma 2.5 one has Z(n) ∩ Ker ξ = {0}. On the other hand, since n = m 1 ⋉ n 1 and [m 1 , z 1 ] = {0}, it follows that z 1 ⊆ Z(n). Therefore z 1 ∩ Ker (ξ| n1 ) = {0}, hence J(ξ| n1 ) = e(n 1 ) since n 1 has 1-dimensional center and generic flat coadjoint orbits. 
Proof. It is easily seen that n(ξ) = s, using Proposition 2.1. Then the assertion follows by Theorem 2.8 and Proposition 1.1. Proof. Let X 0 (respectively, X 1 ) be the lowest layer in the fine (respectively, coarse) stratification of n * corresponding to the fixed Jordan-Hölder series in n. We recall from [8] that X 0 is defined similarly to X except that one uses the whole JordanHölder series and not only its subset {n j | j = 1, . . . , q}, while X 1 := {ξ ∈ n * | J(ξ) = e(n)}, hence X 0 ⊆ X ⊆ X 1 . If [X j ] is the subset of N corresponding to the N -coadjoint orbits contained in X j , then both [X 0 ] and [X 1 ] are open, dense, and Hausdorff in their relative hull-kernel topologies (see [7] ), hence [X ] has dense interior and is Hausdorff. Finally, the Plancherel measure of N \[X 0 ] is zero [10] .
Examples.
Example 2.12. It follows by the proof of [11, Lemma 6.5] that the above Theorem 2.8 applies to any nilpotent Lie algebra n that is the nilradical of a minimal Borel subalgebra of a split real form of of a complex semisimple Lie algebra, and in this case each m r is a Heisenberg algebra. Hence by writing a as a direct sum of 1-dimensional abelian algebras, one sees that n is a Lie algebra to which Theorem 2.8 applies.
